The Laplacian spread of unicyclic graphs  by Bao, Yan-Hong et al.
Applied Mathematics Letters 22 (2009) 1011–1015
Contents lists available at ScienceDirect
Applied Mathematics Letters
journal homepage: www.elsevier.com/locate/aml
The Laplacian spread of unicyclic graphsI
Yan-Hong Bao a,b, Ying-Ying Tan c, Yi-Zheng Fan a,b,∗
a Key Laboratory of Intelligent Computing & Signal Processing, Ministry of Education of PR China, Anhui University, Hefei 230039, PR China
b School of Mathematical Sciences, Anhui University, Hefei 230039, PR China
c Department of Mathematics and Physics, Anhui Institute of Architecture and Industry, Hefei 230022, PR China
a r t i c l e i n f o
Article history:
Received 19 November 2007
Received in revised form 11 December 2008
Accepted 6 January 2009
Keywords:
Unicyclic graph
Laplacian matrix
Spread
Spectral radius
Algebraic connectivity
a b s t r a c t
The Laplacian spread of a graph is defined to be the difference between the largest
eigenvalue and the second-smallest eigenvalue of the Laplacian matrix of the graph. In a
recent work the trees with maximal Laplacian spread and with minimal Laplacian spread
among all trees of fixed order are separately determined. In this work, we characterize
the unique unicyclic graph with maximal Laplacian spread among all connected unicyclic
graphs of fixed order.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
Let G be a graph of order n with vertex set V = V (G) = {v1, v2, . . . , vn} and edge set E = E(G). The adjacency matrix of
the graph G is defined to be a matrix A = A(G) = [aij] of order n, where aij = 1 if vi is adjacent to vj, and aij = 0 otherwise.
Since A is symmetric and real, the eigenvalues of A can be arranged as: λn(G) ≤ λn−1(G) ≤ · · · ≤ λ1(G). The spread of
the graph G is defined as SA(G) = λ1(G) − λn(G). Generally, the spread of a square complex matrix M is defined to be
s(M) = maxi,j |λi − λj|, where the maximum is taken over all pairs of eigenvalues of M . There is a considerable literature
on the spread of an arbitrary matrix; see, e.g., [1–5].
Recently the spread of a graph has received much attention. Petrovic [6] determines all minimal graphs whose spreads
do not exceed 4. Gregory, Hershkowitz, and Kirkland [7] present some lower and upper bounds for the spread of a graph.
They show that the path is the unique graph with minimal spread among all connected graphs of fixed order. However
the graph(s) with maximal spread is (are) still unknown, and some conjectures are presented in their paper. Li, Zhang and
Zhou [8] determine the unique graph with maximal spread among all unicyclic graphs with given order not less than 18,
which is obtained from a star by adding one edge between two pendent vertices. Fan, Wang and Gao [9] discuss the similar
problem of unicyclic graphs with given order and girth. In [10], Nikiforov considers a more general problem: what is the
property of the linear combination of some extremal eigenvalues of a graph? He gives a theorem involving the limit of
a certain combination as the order of a graph goes to infinity, and presents an upper bound for the sum of the largest
eigenvalue and the second-largest eigenvalue of a graph.
Herewe consider another version of spread of a graph,which is defined as follows. LetG be a graph as above. The Laplacian
matrix of the graphG is defined as L = L(G) = D(G)−A(G), whereD(G) = diag{d(v1), d(v2), . . . , d(vn)} is a diagonalmatrix,
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Fig. 2.1. Three unicyclic graphs on n vertices.
and d(v) denotes the degree of the vertex v of G. It is known that L is symmetric and positive semidefinite, so its eigenvalues
can be arranged as: 0 = µn(G) ≤ µn−1(G) ≤ · · · ≤ µ1(G), where µn(G) = 0 as each row sum of L is zero. There are a lot
of results involved in the relations between the spectrum of L(G) and numerous graph invariants of G, such as connectivity,
diameter, isoperimetric number, and expanding properties of a graph; see, e.g., [11–13]. In particular, µn−1(G) > 0 if and
only if G is connected. Fiedler calls µn−1(G) the algebraic connectivity of the graph G, which is considered as an algebraic
measurement of the connectivity of the graph. The corresponding eigenvectors ofµn−1(G) are usually called Fiedler vectors,
which have a beautiful structural property given by Fiedler [14, Theorem3.14]. One can find thatµ1(G) is exactly the spectral
radius of L, which also has a lot of related results (especially for the upper bounds) for this eigenvalue; see e.g. [15]. The
Laplacian spread of the graph G is defined to be
SL(G) = µ1(G)− µn−1(G).
Note that in the definitionwe consider the deference between the largest eigenvalue and the second-smallest eigenvalue,
as the smallest eigenvalue always equals zero.
In the literature some specified Laplacian eigenvalues are studied, such as the spectral radius and algebraic connectivity.
The notion of Laplacian spectral spread is very significant in characterizing the global structural properties of graphs such
as diameter etc. In a recent work [16], the authors have shown that, among all trees of fixed order, the star is the unique tree
withmaximal Laplacian spread and the path is the unique tree withminimal Laplacian spread. In this work, we continue the
work on the Laplacian spread of graphs, and determine the unique unicyclic graph with maximal Laplacian spread among
all unicyclic graphs of fixed order, which is obtained from a star by adding one edge between two pendent vertices. Note
that a graph is called unicyclic if it contains exactly one cycle. Throughout this work we always assume that all unicyclic
graphs are connected.
2. Unicyclic graph(s) with maximal Laplacian spread
Let G be a graph and let v be a vertex of G. Denote by N(v) the neighborhood of the vertex v in the graph G, and by∆(G)
the maximum degree of all vertices of a graph G. We first introduce some preliminary results.
Lemma 2.1 ([17]). Let G be a connected graph of order n ≥ 2. Then µ1(G) ≤ n, with equality if and only if the complement
graph of G is disconnected.
Lemma 2.2 ([15]). Let G be a connected graph with vertex set {v1, v2, . . . , vn} (n ≥ 2). Then
µ1(G) ≤ max{d(vi)+ d(vj)− |N(vi) ∩ N(vj)| : vivj ∈ E(G)}.
Lemma 2.3 ([18]). Let G be a connected graph with vertex set {v1, v2, . . . , vn} (n ≥ 2). Then
µ1(G) ≤ max{d(vi)+m(vi) : vi ∈ V (G)},
where m(vi) =
∑
vjvi∈E(G) d(vj)
d(vi)
, the average of the degrees of the vertices adjacent to vi.
Lemma 2.4 ([19]). Let G be a connected graph of order n ≥ 2. Thenµ1(G) ≥ 1(G)+1, with equality if and only if 1(G) = n−1.
Lemma 2.5 ([20]). Let G be a connected graph of order n and with a cutpoint v. Then µn−1(G) ≤ 1, with equality if and only if
v is adjacent to every other vertex of G.
We introduce three unicyclic graphs of order n in Fig. 2.1: the graphs G1(r, s; n), r ≥ s; G2(r, s; n), s ≥ 1; G3(r, s; n), r ≥
s. Here r, s are nonnegative integers, which are respectively the number of pendant vertices adjacent to u and v; moreover
parameters n, r, s are related by n = r + s+ 3, n = r + s+ 4.
We now narrow down the possibility of the unicyclic graph(s) with maximal Laplacian spread.
Lemma 2.6. Let G be the graph with maximal Laplacian spread among all unicyclic graphs of order n ≥ 7. Then G is among the
graphs G1(n− 3, 0; n), G1(n− 4, 1; n), G2(n− 5, 1; n) and G3(n− 4, 0; n).
Proof. Let vivj be an edge of G. Then
d(vi)+ d(vj)− |N(vi) ∩ N(vj)| = |N(vi) ∪ N(vj)| ≤ n,
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with equality if and only if G is one of graphs in Fig. 2.1 for some r or s. Therefore, if G is not a graph in Fig. 2.1, then by
Lemma 2.2,µ1(G) ≤ n−1 and henceSL(G) = µ1(G)−µn−1(G) < n−1 asµn−1(G) > 0. In addition,SL(G1(n−3, 0; n)) =
n− 1. So Gmust be one graph in Fig. 2.1.
Assume that n ≥ 7 in the following discussion. For the graph G1(r, s; n) of Fig. 2.1, by Lemma 2.3,
µ1(G1(r, s; n)) ≤ max
{
r + 2+ n+ 1
r + 2 , s+ 2+
n+ 1
s+ 2
}
=: α.
Note that r ≥ s and hence r + 2 ≥ n−32 + 2 >
√
n+ 1. If r ≤ n− 5, then
µ1(G1(r, s; n)) ≤ α ≤ max
{
2+ n+ 1
2
, n− 3+ n+ 1
n− 3
}
≤ n− 1,
and henceSL(G1(r, s; n)) < n− 1.
For the graph G2(r, s; n) of Fig. 2.1, by Lemma 2.3,
µ1(G2(r, s; n)) ≤ max
{
s+ 1+ n− 1
s+ 1 , r + 3+
n+ 1
r + 3
}
.
As n − 4 ≥ s ≥ 1, s + 1 + n−1s+1 ≤ max
{
2+ n−12 , n− 3+ n−1n−3
} ≤ n − 1. If (0 ≤) r ≤ n − 6, then r + 3 + n+1r+3 ≤
max
{
3+ n+13 , n− 3+ n+1n−3
} ≤ n − 1. Hence, for n ≥ 7, r ≤ n − 6 and arbitrary s, µ1(G2(r, s; n)) ≤ n − 1 and hence
SL(G2(r, s; n)) < n− 1.
For the graph G3(r, s; n) of Fig. 2.1, by Lemma 2.3,
µ1(G3(r, s; n)) ≤ max
{
r + 2+ n
r + 2 , s+ 2+
n
s+ 2
}
=: β.
Note that r ≥ s and hence n−42 ≤ r ≤ n− 4. If r ≤ n− 5, then
µ1(G3(r, s; n)) ≤ β ≤ max
{
2+ n
2
, n− 3+ n
n− 3
}
≤ n− 1,
and henceSL(G3(r, s; n)) < n− 1.
By the above discussion, if G is a graph with maximal Laplacian spread among all unicyclic graphs of order n ≥ 7, then G
is among the graphs G1(n− 3, 0; n), G1(n− 4, 1; n), G2(n− 5, 1; n) and G3(n− 4, 0; n). The result follows. 
Lemma 2.7. For n ≥ 7,
SL(G1(n− 4, 1; n)) < SL(G1(n− 3, 0; n)) = n− 1.
Proof. For convenience, we simply write µ1(G1(n − 4, 1; n)), µn−1(G1(n − 4, 1; n)) as µ1, µn−1 respectively. The
characteristic polynomial of L(G1(n− 4, 1; n)) is
det(λI − G1(n− 4, 1; n)) = λ(λ− 1)n−5[λ4 − (n+ 5)λ3 + (6n+ 3)λ2 − (9n− 5)λ+ 3n].
By Lemmas 2.1 and 2.4, n > µ1 ≥ n − 1 ≥ 6, and by Lemma 2.5, µn−1 < 1. So µ1, µn−1 are both roots of the polynomial
f1(λ) := λ4− (n+ 5)λ3+ (6n+ 3)λ2− (9n− 5)λ+ 3n. The derivative f ′1(λ) = 4λ3− 3(n+ 5)λ2+ 2(6n+ 3)λ− (9n− 5),
and the second derivative f ′′1 (λ) = 12λ2 − 6(n+ 5)λ+ 2(6n+ 3).
Observe that
SL(G1(n− 3, 0; n))− SL(G1(n− 4, 0; n)) = (n− µ1)− (1− µn−1).
Ifwe can shown−µ1 > 1−µn−1, the resultwill follow. By the LagrangeMeanValue Theorem, f1(n)−f1(µ1) = (n−µ1)f ′1(ξ1)
for some ξ1 ∈ (µ1, n). As f ′(x) is positive and strictly increasing on the interval (µ1,+∞) and µ1 < n,
n− µ1 = f1(n)− f1(µ1)f1(ξ1) >
n3 − 6n2 + 8n
f ′1(n)
= n(n− 2)(n− 4)
(n− 1)(n2 − 2n− 5) >
n− 4
n− 1 .
By the Lagrange Remainder Theorem, f1(µn−1) = f1(1)+ f ′1(1)(µn−1 − 1)+ f
′′
1 (ξ2)
2! (µn−1 − 1)2 for some ξ2 ∈ (µn−1, 1). As
f ′1(1) = 0 and f ′′1 (x) is positive and strictly decreasing on the open interval (0, 1),
(1− µn−1)2 = 2(n− 4)f ′′1 (ξ2)
<
2(n− 4)
f ′′1 (1)
= n− 4
3(n− 2) .
If n ≥ 7, n−4n−1 >
√
n−4
3(n−2) , and hence n− µ1 > 1− µn−1. The result follows. 
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Fig. 2.2. Laplacian spreads of graphs of Fig. 2.1 with order n ≤ 6.
Lemma 2.8. For n ≥ 6,
SL(G2(n− 5, 1; n)) < SL(G1(n− 3, 0; n)) = n− 1.
Proof. We simply write µ1(G2(n− 5, 1; n)), µn−1(G2(n− 5, 1; n)) as µ1, µn−1 respectively. The characteristic polynomial
of L(G2(n− 5, 1; n)) is
det(λI − G2(n− 5, 1; n)) = λ(λ− 1)n−5(λ− 3)[λ3 − (n+ 2)λ2 + (3n− 2)λ− n].
By Lemmas 2.1 and 2.4, n > µ1 > n − 1 ≥ 5, and by Lemma 2.5, µn−1 < 1. So µ1, µn−1 are both roots of the polynomial
f2(λ) := λ3 − (n+ 2)λ2 + (3n− 2)λ− n. In addition, f2(λ) has another root, n+ 2− µ1 − µn−1 > 1.
Below, we will show that n− µ1 > 1− µn−1. By the Lagrange Mean Value Theorem,
n− µ1 = f2(n)− f2(µ1)f ′2(ξ1)
>
n2 − 3n
f ′2(n)
= 1− 2n− 2
n2 − n− 2 ,
for some ξ1 ∈ (µ1, n), where the inequality holds as µ1 < n and f ′2(λ) = 3λ2 − 2(n+ 2)λ+ 3n− 2 is positive and strictly
increasing on (µ1,+∞). Note that the function g(x) =: 2x−2x2−x−2 is strictly decreasing on the whole real axis. Hence
(n− µ1)− (1− µn−1) > µn−1 − g(n) ≥ µn−1 − g(6) = µn−1 − 5/14.
In addition, f2(5/14) = −2535/2744− (11n)/196 < 0. So µn−1 > 5/14, and the result follows. 
Lemma 2.9. For n ≥ 5,
SL(G3(n− 4, 0; n)) < SL(G1(n− 3, 0; n)).
Proof. We simply write µ1(G3(n− 4, 0; n)), µn−1(G3(n− 4, 0; n)) as µ1, µn−1 respectively. The characteristic polynomial
of L(G3(n− 4, 0; n)) is
det(λI − G3(n− 4, 0; n)) = λ(λ− 1)n−5(λ− 3)[λ3 − (n+ 3)λ2 + (4n− 2)λ− 2n].
As n > µ1 > n − 1 ≥ 4 by Lemmas 2.1 and 2.4 and µn−1 < 1 by Lemma 2.5, it suffices to consider the polynomial
f3(λ) := λ3 − (n+ 3)λ2 + (4n− 2)λ− 2n.
By the Lagrange Mean Value Theorem, for some ξ1 ∈ (µ1, n) and ξ2 ∈ (µn−1, 1),
n− µ1 = f3(n)− f3(µ1)f ′3(ξ1)
= n
2 − 4n
f ′3(ξ1)
, 1− µn−1 = f3(1)− f3(µn−1)f ′3(ξ2)
= n− 4
f ′3(ξ2)
.
If we can show nf ′3(ξ1)
> 1f ′3(ξ2)
, the result will follow. Note that f ′3(λ) = 3λ2 − 2(n + 3)λ + 4n − 2. As f ′3(λ) is positive and
strictly decreasing on the interval (0, 1), and is positive and strictly increasing on the interval (µ1,+∞),
nf ′3(ξ2) > nf
′
3(1) = n(2n− 5), f ′3(ξ1) < f ′3(n) = n2 − 2n− 2.
Then nf ′3(ξ2)− f ′3(ξ1) > n2 − 3n+ 2 > 0. The result follows. 
Let G be the graph with maximal Laplacian spread among all unicyclic graphs of order n ≥ 4. From the first paragraph of
the proof of Lemma 2.6, the graph G is necessarily among the graphs in Fig. 2.1. If the order n ≥ 7, by Lemmas 2.6–2.9, G is
exactly the graph G1(n− 3, 0; n) of Fig. 2.1. For the case of n ≤ 6, the Laplacian spreads of graphs are listed in Fig. 2.2.
By Lemmas 2.6–2.9 and Fig. 2.2, we get the main result.
Theorem 2.10. For n ≥ 4, the graph G1(n − 3, 0; n) of Fig. 2.1 is the unique graph with maximal Laplacian spread among all
unicyclic graphs of order n.
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